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Sharpness of Some Intersection Theorems
M. HUJTER†, L. SPISSICH AND ZS. TUZA
We construct infinite sequences of non-trivial families for which the following three inequalities
all hold as equalities: the Frankl–Wilson inequality, the Frankl–Rosenberg inequality, and the Deza–
Rosenberg inequality.
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1. INTRODUCTION
Let F be a family of k-element subsets of {1, 2, . . . , n} where k and n are given integers
such that 1 < k < n. Furthermore, let m = |F | denote the number of (distinct) members of
F . Frankl and Wilson [4] proved the following inequality.
THEOREM 1 (FRANKL–WILSON INEQUALITY [4]). Suppose µ0, µ1, . . . , µs are distinct
residues modulo a prime p, such that k ≡ µ0 (mod p) and for any two distinct F, F ′ ∈ F ,
|F ∩ F ′| ≡ µi (mod p) for some i , 1 ≤ i ≤ s. Then m ≤
(
n
s
)
.
In terms of the parameters n and s, this inequality is the best possible, as shown by the set
of all s-subsets of {1, 2, . . . , n}.
The aim of the present note is to show infinite sequences of non-trivial families for which
the Frankl–Wilson inequality holds with equality for s = µ1 = 1. Such a sequence of families
can also be constructed from the finite projective spaces; however, in that case the numbers
|F ∩ F ′| are all equal. Our constructions will be completely different as the intersections
F ∩ F ′ will have different sizes.
Note that if s = 1, then the assumption that p is prime is not necessary in Theorem 1 since
Frankl and Rosenberg [2] proved the following inequality.
THEOREM 2 (FRANKL–ROSENBERG INEQUALITY [2]). Let 0 ≤ µ1 < p be integers.
Suppose that for any two distinct F, F ′ ∈ F , |F ∩ F ′| ≡ µ1 (mod p). If k 6≡ µ1 (mod p),
then m ≤ n.
The case when p is prime was previously studied by Deza and Rosenberg [1]. A restriction
of their results is given by the following theorem.
THEOREM 3 (DEZA–ROSENBERG INEQUALITY [1]). Let 0 ≤ µ1 < p be integers, where
p is a prime. Suppose that for any two distinct F, F ′ ∈ F , |F ∩ F ′| ≡ µ1 (mod p). If
k 6≡ µ1 (mod p) and µ1(m − 1) 6≡ −k (mod p), then m ≤ n.
Note that Corollary 12 of Frankl and Rosenberg [3] generalizes Theorem 3. The following
observation is also a corollary of their results. Assume that m = n holds in Theorem 3 and
that for any v ∈ {1, 2, . . . , n}, the number of those F ∈ F which contain v is a multiple of p.
Then k is also a multiple of p and m ≡ 1 (mod p).
We first construct an infinite sequence of families for which the upper bounds for m in the
above theorems all hold with equalities.
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2. A CONSTRUCTION FOR ALL ODD PRIMES
Let p be an odd prime, k = (2pp ), n = (3pp ). Consider all p-element subsets, X1, . . . , Xn ,
of an arbitrary fixed 3p-element set X . Let F (p) = {F1, F2, . . . , Fn} where for each i, j
(1 ≤ i, j ≤ n), i ∈ F j holds if and only if X i ∩ X j = ∅. Observe that each F j has size k and
corresponds to the 2p-element subset X \ X j such that i ∈ F j if and only if X i ⊆ X \ X j .
We prove the following theorem.
THEOREM 4. For F = F (p), where p is an arbitrary odd prime, the above three theorems
hold with equalities for s = µ1 = 1.
PROOF OF THEOREM 4. For the parameters k = (2pp ), m = n = (3pp ), µ1 = 1, and s = 1,
we have to show that all assumptions of Theorems 1–3 are fulfilled. We will apply a formula of
E. Lucas from 1871 (cf. [5]). If a ≥ 0 and b > 0 are integers, let [a/b] and (a mod b) denote
those uniquely determined non-negative integers α and β, respectively, for which β < b and
a = αb + β.
LEMMA 5 (LUCAS FORMULA). If q is a prime, and t, r ∈ {0, 1, . . .}, then(
t
r
)
≡
([t/q]
[r/q]
)
·
(
t mod q
r mod q
)
(mod q).
Applying Lemma 5 for q = p, t = 2p and r = p, we obtain that (2pp ) ≡ 2 (mod p). Hence(2p
p
) 6≡ 1 (mod p), i.e., k 6≡ µ1 (mod p). Applying Lemma 5 for q = p, t = 3p and r = p,
we obtain that
(3p
p
) ≡ 3 (mod p). Hence (3pp ) − 1 6≡ −(2pp ) (mod p), i.e., µ1(m − 1) 6≡
−k (mod p). Observe that for any distinct F, F ′ ∈ F , |F ∩ F ′| ∈ {(p+ll ) : 0 ≤ l < p}
because if F and F ′ correspond to the 2p-element subsets Y and Y ′ of X , respectively, and
|X \ (Y ∪Y ′)| = l, then |F ∩ F ′| = (p+ll ). Applying Lemma 5 for t = p+ l, r = l and q = p,
we obtain that
(p+l
l
) ≡ 1 (mod p), 0 ≤ l < p. This fact completes the proof of Theorem 4. 2
3. FURTHER CONSTRUCTIONS
We have shown that if p is an odd prime, then for n = (3pp ) Theorem 2 can hold as an
equality for µ1 = 1. For an arbitrary positive integer q, let n = q(p + 2), X = {1, 2, . . . , n},
k = p + 1, and Xl = {i ∈ X : l(p + 2) < i ≤ (l + 1)(p + 2)}, 0 ≤ l < q . Observe
that the family {Xl \ { j} : j ∈ Xl; 0 ≤ l < q} also satisfies the assumptions of Theorem 2
where m = n and µ1 = 0. On the other hand, if we consider the family of the sets X \ F j
for q = tp + 1, t = 0, 1, . . . , we gain another construction for m = n, k = tp2 + 2tp + 1,
µ0 = p − 1, and µ1 = 0.
Steiner systems. In the above constructions, s was always equal to 1. Now, let p, s ≥ 2 be
arbitrary integers. Consider an integer v ≥ p + 2s for which β = (v
s
)/(p+2s
s
)
is also an
integer. A Steiner system S(s, b, v) is a pair (X,B) with a v-set X of elements and a family
B of b-subsets of X , called blocks, such that any s points are contained in exactly one block.
Observe that if b = p + 2s, then the number of subsets is equal to β. Consider such a Steiner
system.
Let n = (v
s
)
. In X , there are n distinct s-subsets: X1, . . . , Xn . Each block contains k =(p+2s
s
)
such subsets. Each X i uniquely determines a block B(X i ) which contains X i (1 ≤ i ≤
n); now define F = {F1, . . . , Fn} where Fi = B(X i ) \ X i . Clearly, |Fi | = p + s.
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Consider |Fi ∩ F j | for any 1 ≤ i < j ≤ n. If B(X i ) = B(X j ), then obviously p ≤
|Fi ∩ F j | < p + s. On the other hand, if B(X i ) 6= B(X j ), then |B(X i ) ∩ B(X j )| < s; thus
|Fi ∩F j | < s. Therefore |Fi ∩F j | is always congruent to one of µ1 = 1, µ2 = 2, . . . , µs−1 =
s − 1, and µs = 0 modulo p. Hence Theorem 1 holds with equality when p is a prime and
k = (p+2s
s
)
is not congruent to any µr = r , 1 ≤ r ≤ s modulo p.
Consider the special case when s = 2 and p ≥ 7 is a prime.
Now k = (p+ 4)(p+ 3)/2 = p(p+ 7)/2+ 6 ≥ 55, n = (v2) = kβ, µ0 = 6 ≡ k (mod p),
µ1 = 1,µ2 = 0; thusµ0, µ1, µ2 are distinct residues modulo p. Hence we gain a construction
for which Theorem 1 holds with equality in all cases when there exists a Steiner system
S(2, p + 4, v) for a prime p ≥ 7.
There are two obvious necessary conditions of the existence of such a Steiner system. The
first one is that β = (v
s
)/(p+2s
s
) (i.e., the number of blocks) is an integer. The second obvious
necessary condition is that v− 1 is also a integer multiple of b− 1, which is, in our particular
case, equal to p + 3.
EXAMPLE 6. Here we give infinitely many particular examples of the above general con-
dition based on Steiner systems. Consider the case p = 7; then k = 55. From the second
necessary condition, v must have the form 10γ + 1 for some positive integer γ . Now, the first
necessary condition means that
(
v
2
)
is a multiple of 55, implying that γ (γ − 1) ≡ 0 (mod 7).
Hence, γ = 11δ or γ = 11δ + 1, and n = (v2)/55 = 110δ2 + δ or n = 110δ2 + 31δ + 2, for
an arbitrary natural number δ. Therefore the necessary conditions hold infinitely many times
even for a fixed value of k (which is 55 now).
It is known that the above conditions are not only necessary but also sufficient for the
existence of the Steiner systems if the block size is fixed and v is large enough (see e.g., [6]
for more details). Thus we gain infinitely many constructions with m = n when s = 2, p = 7,
k = 55, µ0 = 6, µ1 = 1, µ2 = 0. Moreover, one can derive similar results for prime numbers
p ≥ 11.
The finite projective planes of order q form a Steiner system S(2, q + 1, q2 + q + 1) for
any prime power q ≥ 2. This construction provides equality in Theorem 1 for the case s = 2,
µ0 = 3, µ1 = 1, µ2 = 0; the construction works when p ≥ 3 is a prime and there is a
prime power q ≥ p + 2 such that q ≡ 2 (mod p). Such pairs (p, q) are, e.g., (5, 32 · 16t ),
(3, 8 · 4t ), and (3, r1+2t ) for t = 0, 1, . . . where r is a prime such that r ≡ 2 (mod 3) (i.e.,
r = 5, 11, 17, 23, 29, . . .).
For a general value of s, we obtain a set of s necessary conditions, namely that
(
v−i
s−i
)
must
be a multiple of
(b−i
s−i
)
, for all i = 0, 1, . . . , s−1, providing infinitely many examples for each
s, by [6].
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